We show that uniformly accelerated detectors can display genuinely thermal features even if the Kubo-Martin-Schwinger (KMS) condition fails to hold. These features include satisfying thermal detailed balance and having a Planckian response identical to cases in which the KMS condition is satisfied. In this context, we discuss that satisfying the KMS condition for accelerated trajectories is just sufficient but not necessary for the Unruh effect to be present in a given quantum field theory. Furthermore, we extract the necessary and sufficient conditions for the response function of an accelerated detector to be thermal in the infinitely adiabatic limit. This analysis provides new insights about the interplay between the KMS condition and the Unruh effect, and a solid framework in which the robustness of the Unruh effect against deformations of quantum field theories (perhaps Lorentz-violating) can be answered unambiguously.
Quantum field theory (QFT) is considered to be an effective theory that is valid outside the quantum gravity domain, typically defined in terms of a length scale ℓ [1] . This theoretical framework is therefore expected to become less precise as this scale is approached, perhaps eventually failing completely as a correct description of nature. In most cases, there is a hierarchy of scales that ensures that the predictions of QFT within its domain of validity are not contaminated by the ultraviolet physics below ℓ. However, it is known that ultraviolet deformations of the structure of QFT can percolate into this domain of validity, spoiling the decoupling of scales [2] [3] [4] [5] [6] . When present, this phenomenon brings the possibility of testing theoretical frameworks which would be otherwise impossible to probe. Examples of this behavior that have been recently discussed in the literature include the response of particle detectors along inertial trajectories in the framework of polymer quantization [7] [8] [9] [10] and in non-local field theories [11] , or the transmission of information through non-local fields [12] . Determining the deformations that lead to this percolation, and finding the predictions which are affected, is of clear importance for quantum gravity phenomenology.
Here, we focus on a central prediction of QFT: the Unruh effect [13] [14] [15] . This well-known phenomenon [16] illustrates that the concept of particle is observerdependent in QFT, an observation that is inextricably linked to black hole evaporation [17, 18] . Aside from its importance on theoretical grounds, there are reasonable prospects for detecting this effect in the near future (e.g., [19] [20] [21] [22] ). In standard Lorentz-invariant QFT, the thermal behavior of the response function of uniformly accelerated detectors holds exactly under the Kubo-MartinSchwinger (KMS) condition [23] [24] [25] that characterizes thermal states. However, and as we make explicit below, large sets of deformations of QFT (including the introduction of a cutoff on spatial momenta) lead to violations of the KMS condition. There are two possible attitudes with respect to this observation. The first one is to assume directly that these deformations erase any trace of the Unruh effect (see, for instance, [26] for a particular example in the framework of polymer quantization). The second one, put forward in this letter, is admitting that the KMS condition is unnecessarily restrictive from a physical perspective. In the presence of deformations of QFT with typical length scale ℓ, it is reasonable to expect that small deviations from an exact thermal behavior, involving this new scale, would appear. This broader set of scenarios cannot be characterized by the KMS condition, which will be generally violated even though the response function can display thermal features. This has been noticed before in particular scenarios. For example, the thermalization of accelerated detectors to temperatures proportional to their acceleration has been described in studies involving cavities [27] where the KMS condition is not satisfied. Indeed, there are non-KMS examples where transient non-thermal behaviour is drawn out in the infinitely adiabatic limit, e.g., [28] .
Following this intuition, here we determine the minimal requirements that single out the scenarios in which the violations of the KMS condition are mild enough so that the Unruh effect is preserved. We first prove that the long-time response function of a uniformly accelerated detector interacting with fields that are invariant under spacetime translations and spatial rotations (but not necessarily Lorentz boosts) is reduced, in the adiabatic limit, to a single-variable integral of the sum of the residues of the poles of the Wightman function inside a horizontal strip of the complex plane. This general result permits us to calculate explicitly the response function in a generality of situations, allowing us to critically revise cases of particular deformations studied previously [26, [29] [30] [31] [32] [33] [34] [35] [36] , and define in general terms the conditions for the preservation of the Unruh effect. Crucially, we find that the preservation of the Unruh effect is less restrictive than the KMS condition. Deformations of the Wightman function.-A relativistic QFT is given by a Hilbert space H of states and a set of unitary operators associated with the transformations in the Poincaré group. H has to contain a unique state |0 invariant under Poincaré transformations. Field operators φ(X) are operator-valued distributions acting on the space of test functions defined over R n . The two remaining conditions are energy positivity and locality (field operators commute on space-like intervals).
Wightman functions contain the full information about a QFT satisfying the axioms above [37] . For our purposes here, it is enough to study the two-point Wightman function
, since the leading order detector response for any state is only function of this quantity through the so-called response function:
Here, W (τ ′′ , τ ′ ) is the pull-back of the Wightman function W (X ′′ , X ′ ) to a given trajectory in spacetime, X(τ ). Eq. (1) arises naturally in the study of the excitation and decay probabilities in the Unruh-de Witt model of a detector interacting with the field φ(X) (see [38] , for instance, for a detailed description), which assumes an interaction Hamiltonian H I (τ ) = λχ(τ /σ)µ(τ )φ(X(τ )), where µ(τ ) is the monopole moment operator of the detector, and χ(τ /σ) ∈ C ∞ (R) is a square-integrable switching function that controls the duration and the form of the window of time in which the interaction between the detector and the field takes place. This kind of switching is known as adiabatic [38, 39] , and it depends on a single width parameter σ that provides a measure of the interaction time scale (so that the infinitely adiabatic limit σ → ∞ corresponds to a detector switched on forever). The probabilities of excitation and decay are proportional to Eq. (1), with respectively positive and negative values of Ω (the energy gap of the detector is |Ω|). However, the corresponding proportionality factors are independent on the properties of the QFT, and only depend on the properties of the detector (including its monopole moment) and the coupling λ ∈ R between the detector and the field [40, 41] . Hence, the quotients of these probabilities, which are the quantities of interest in order to determine whether or not the response of the detector is thermal, are independent of these proportionality factors.
The Wightman function is a distribution, so that Eq. (1) would be meaningful only for suitable choices of the space of switching functions such as, for instance, functions with non-compact support that decay faster than any polynomial. For our purposes here, it will be enough to consider Gaussian switching functions normalized so that ∞ −∞ dy χ(y) 2 = 1, though other choices are possible. Hence, we can safely forget about the distributional nature of the Wightman function (and its deformations introduced below), and work with it as if it was a function, as long as we keep in mind that this quantity is always under the integral sign in Eq. (1).
On general grounds, the introduction of an additional length scale ℓ leads to deformations of the functional form of the Wightman function. These deformations encode the leading modifications arising from the particular ultraviolet completion chosen, or may just represent physical cutoffs. Let us make the following technical assumptions:
1. There is an effective continuum flat description of spacetime in which the deformed Wightman function can be written as a function of the spacetime coordinates X µ = (t, x).
2. The deformed Wightman function reduces to its standard Poincaré invariant form W 0 (∆X) in the formal limit ℓ → 0.
3. The functional form of the deformed Wightman function may break explicitly the invariance under Lorentz boosts, while keeping spacetime translations and spatial rotations as symmetries.
These are fairly general assumptions. For instance, condition 1 above permits to include in our analysis discrete or quantum-mechanical features of the spacetime structure. On the other hand, we can exploit conditions 2 and 3 in order to write the deformed Wightman function as
We have made use of the fact that the transformation rules for the vacuum state and field operators imply that the Wightman function is invariant under translations. Hence, the Wightman function is a function of the differences ∆t = t ′′ − t ′ and ∆x = x ′′ − x ′ . The notation used makes explicit that invariance under boosts is not assumed.
The function D ℓ (∆t, ∆x) has been introduced on phenomenological grounds and satisfies lim ℓ→0 D ℓ (∆t, ∆x) = 0. Its specific form will depend on the particular deformation that is chosen; we will discuss some examples below. But our goal here is to keep the discussion as general as possible, so that no further constraints are imposed on this quantity for the moment. Infinitely adiabatic limit for uniformly accelerated observers.-The response function F ℓ (Ω, σ) associated with a given deformation takes the same form as Eq.
(
In the following, we consider only trajectories with constant acceleration a and Gaussian switching functions. Changing the integration variables to w = τ ′′ + τ ′ and z = τ ′′ − τ ′ , and performing the integration in the latter, one arrives to a more transparent relation:
, with the slight abuse of notation
A couple of technical remarks are needed. To write Eq. (3), we have exploited the periodicity properties of hyperbolic functions in order to choose an appropriate integration contour in the complex plane. Indeed, the pull-back of the Wightman function satisfies W ℓ (w, z + 4πi/a) = W ℓ (w, z). In addition, we need the following fall-off condition:
4. The deformed Wightman function is polynomially bounded in |∆t| and |∆x| when these absolute values tend to infinity.
Moreover, the Wightman function is generally singular on the real axis in the coincidence limit. This is typically dealt with introducing a regulator z + iǫ. This can be also understood as an infinitesimal displacement of one of the proper times τ ′ or τ ′′ (more details in this regard are given later). This regulator is removed in the final expression for the response function after integration. We assume that all the real poles in z are regularized in the same way. In deformations that are Lorentz-breaking, additional real poles in w can appear. In this case, the infinitesimal displacement of the proper times τ ′ or τ ′′ lead to w ± iǫ. Physical results should not depend on the sign of the regulator in w. Preservation of the Unruh effect.-Eq. (3) determines the infinitely adiabatic limit of the response function for all the deformations satisfying the requirements 1-4. We have used it in order to calculate the response function in several examples. The results are compiled in Table I . Most importantly, we want to highlight that this expression can be exploited in order to extract the conditions that guarantee the preservation of the Unruh effect. On general grounds, the Unruh effect is preserved if the response rate of the detector along uniformly accelerated trajectories has the right ℓ → 0 limit, namely if lim ℓ→0 F ℓ (Ω, ∞) = F (Ω, ∞). This can be alternatively defined in terms of a commutative diagram involving the double integration in w and z and the ℓ → 0 limit in the response function F ℓ (Ω, ∞). Note that, in the infinitely adiabatic limit, the only possible dimensionless combinations of the physical quantities involved are ℓa and ℓΩ. Hence, if this condition is satisfied, the ℓ = 0 expressions for the response functions are recovered up to small corrections when ℓa ≪ 1 and ℓΩ ≪ 1. In other words, appreciable deviations from the Unruh effect would only exist for accelerations or frequencies that are of the same scale as the inverse of the parameter of the deformation ℓ. This realizes the decoupling of scales that we alluded to in the introduction.
It is worth mentioning that the study of the finite-time response, and not only its adiabatic limit, is a source of rich phenomenology (see among others [11, 12, 42, 43] ). This finite-time response would be sensitive to the details of the switching, including additional physical scales that appear in non-adiabatic switching functions. These additional scales may form new dimensionless combinations with high-energy scales that may not be necessarily small. This is just a reminder of the following fact: that two different deformations preserve the Unruh effect does not necessarily imply that all other possible observables will agree, and therefore that these are observationally indistinguishable.
We can now use Eq. B. The sum of the residues of the relevant poles of the Wightman function in z must be integrable with respect to w in the σ → ∞ limit.
C. All these poles must remain in the horizontal strip S ⊂ C, namely {z k } k∈I = {z l } l∈J .
These three necessary conditions (A,B,C) are in fact sufficient, when holding simultaneously, in order to preserve the Unruh effect. Let us sketch the proof of this statement. Condition B implies that the right-hand side of Eq. (3) is finite in the σ → ∞ limit. On the other hand, condition C implies that all the deformed poles that stem from undeformed poles z 0 m inside the horizontal strip S ⊂ C remain in S. Therefore, the corresponding residues are all taken into account in the right-hand side of Eq. (3). Finally, condition A ensures that the sum of these residues has the right ℓ → 0 limit. Regarding the Kubo-Martin-Schwinger condition.-As mentioned previously, in Lorentz-invariant QFT the thermal behavior of the response function holds exactly under the KMS condition. In fact, it can be seen [38] that this condition is sufficient for (thermal) detailed balance to be satisfied,
which is the smoking gun of thermal behavior. However, we have devoted this letter to the determination of the minimal requirements that single out the scenarios in which this violation is mild enough so that detailed balance is still satisfied, possibly up to small corrections. For completeness, in this section we discuss the interplay between these different conditions, and illustrate the general discussion with examples (see Table I ). First of all, let us clarify the operational definition of the KMS condition that we will be using [38, 44] . In fact, the KMS condition is, more strictly, a series of conditions. The first one can be defined in abstract terms as the following property, to be satisfied by any pair of operators A = A(t = t 0 ) and B = B(t = t 0 ) (for some arbitrary value of t 0 ) evolved in some time parameter t in the Heisenberg picture: there exists some β ∈ R such that
We have introduced a suitable regularization (the iǫ terms) that is needed in order to formally manipulate distributions as functions. Translated in terms of the Wight-
This explains why the KMS condition is sometimes defined in the literature (e.g., [26, 36, 45] ) just as the symmetry of the pull-back of the Wightman function under the transformation τ ′ → τ ′′ +iǫ and τ ′′ → τ ′ +iβ−iǫ, with β = 2π/a. It can be checked explicitly that this symmetry is equivalent to the imaginary periodicity z → z + iβ.
When Eq. (5) is satisfied by all the possible operators A and B, including the field operators φ(X) but also the identity operator ½, it follows that the state |0 must be invariant under time translations. As a consequence, the pull-back of the Wightman function must be stationary, namely invariant under translations in τ or, equivalently, a function of z only. Note that Eq. (6) being satisfied does not therefore imply by itself stationarity. This is especially important for the present discussion, as it is not difficult to show that the pull-back to uniformly accelerated trajectories of any explicitly Lorentz-violating Wightman function cannot be stationary, and therefore it must necessarily violate the KMS condition (the stationarity condition can still be satisfied on inertial trajectories [8, 9] ).
However, the KMS condition involves additional restrictions [38, 44] , which are not always emphasized in the literature. The pull-back of the Wightman function must be holomorphic in z in a horizontal strip of the lower complex semi-plane with a width 2π/a in the ǫ → 0 limit and the real axis being one of its boundaries (under the condition of imaginary periodicity above, the position of this horizontal strip can be shifted by an arbitrary multiple of 2πi/a). Therefore, it is not only necessary to show that Eq. (6) holds, but also the absence of poles inside this horizontal strip must be shown in order to claim that the KMS condition holds (equivalently, any poles must be located in the boundary of the strip in the ǫ → 0 limit). Lastly, there is another further condition, which is similar but more restrictive than our condition 4: the pull-back of the Wightman function inside the complex strip must be polynomially bounded.
These are all the ingredients that are needed in order to compare the KMS condition with the definition for the preservation of the Unruh effect given in this letter. This is summarized in the Table I below. There are several aspects which are worth stressing. The first one is that the KMS condition is not necessary for the preservation of the Unruh effect. That is, as anticipated in the introduction of this letter, it is a sufficient but not necessary condition. In particular, violating the imaginary periodicity is not sufficient in order to claim that the Unruh effect is not present. The second observation is about the interplay between the imaginary periodicity of the Wightman function and stationarity. It may seem surprising that there are deformations that satisfy the former but not the latter. However, as discussed above, stationarity follows from the stronger condition of imaginary periodicity for arbitrary pairs of operators (including the identity ½). Moreover, it is not difficult to see that this kind of behavior is quite general, as one can show that
The first identity just makes explicit that the pull-back of the Wightman function depends on τ ′ and τ ′′ implicitly through the time and space intervals, while the second identity exploits the periodicity properties of hyperbolic functions. It follows that any Wightman function that is quadratic in the time and space intervals satisfies the imaginary periodicity condition. Conclusions.-We have analyzed the interplay between the conditions that guarantee the appearance of the Unruh effect and the KMS condition. We have shown that the latter is more restrictive, as it is a sufficient, but not necessary, condition to ensure that the response of a uniformly accelerated detector displays a thermal behavior. The importance of this observation is better understood if we take into account that the KMS condition was the focus of the analysis of the Unruh effect in previous works. In order to illustrate that focusing on the KMS condition is not an adequate approach, we have provided explicit examples in which the KMS condition is violated in different ways, while the response of a detector in the adiabatic limit still displays a thermal behavior. Thus, in these scenarios, no adiabatic thermalization experiment will find any contradiction with the Unruh effect despite the KMS violation. Our analysis settles the practical issue of determining whether or not a particular deformation of a QFT preserves the Unruh effect, providing the necessary tools to answer this question in a wide range of scenarios.
